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Abstract. Let L be the homogeneous sublaplacian on the 6-dimensional free 
2-step nilpotent Lie group N3^2 on 3 generators. We prove a theorem of Mihlin- 
Hormander type for the functional calculus of L, where the order of differen- 
tiability s > 6/2 is required on the multiplier. 



1. Introduction 

The free 2-step nilpotent Lie group iV3.2 on 3 generators is the simply connected, 
connected nilpotent Lie group defined by the relations 

where Xi, X2, X^, Yi,Y2,Y3 is a basis of its Lie algebra (that is, the Lie algebra of 
the left-invariant vector fields on N3^2)- In exponential coordinates, can be 
identified with M.^ x M^, where the group law is given by 

{x, y) ■ {x, y') ^ {x + X ,y + y' + X ^ x /2) 

and X A x' denotes the usual vector product of x,x' G M.^. The family {6t)t>o of 
automorphic dilations of A^3.2, defined by 

St{x,y) = {tx,t^y), 

turns A^3^2 into a stratified group of homogeneous dimension Q = 9. 

Let L = —{Xl + X2 + X^) be the homogeneous sublaplacian on iV3_2- i is a 
self-adjoint operator on L'^{N^^2), hence a functional calculus for L is defined via 
spectral integration and, for all Borel functions F : R — )■ C, the operator F{L) is 
bounded on L'^{N^^2) whenever the "spectral multiplier" F is a bounded function. 
Here we are interested in giving a sufficient condition for the L^-boundedness (for 
p ^ 2) of the operator F{L), in terms of smoothness properties of the multiplier F. 

Let Wi{R) denote the Sobolev space of (fractional) order s. Then our main 
result reads as follows. 

Theorem 1. Suppose that a function F : R — > C satisfies 

sup \\vF{t-)\\w£ < 00 

t>0 

for some s > 6/2 and some nonzero rj G C^(]0, oo[). Then the operator F{L) is of 
weak type (1,1) and bounded on U'{N'i^2) for all p ^ ]l,oo[. 

Observe that the general multiplier theorem for homogeneous sublaplacians on 
stratified Lie groups by Christ [31 and Mauceri and Meda (TB] requires the stronger 
regularity condition s> (3/2 = 9/2. To the best of our knowledge, in the case 
of A'3^2 none of the results and techniques known so far allowed one to go below 
the condition s > Q/2. Our result pushes the regularity assumption down to 
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s > d/2 — 6/2, where d = 6 is the topological dimension of iV3,2- We conjecture 
that this condition is sharp. 

The problem of L^-boundedness for spectral multipliers on nilpotent Lie groups 
has a long history, and the theorem by Christ and Mauceri and Meda is itself an 
improvement of a series of previous results (see, e.g., [H [51 [S]). Nevertheless it 
is still an open question, whether the homogeneous dimension in the smoothness 
condition may always be replaced by the topological dimension. 

It has been known for a long time |10l I17j that such an improvement of the 
multiplier theorem holds true in the case of the Heisenberg and related groups (more 
precisely, for direct products of Metivier and abelian groups; see also [TT1[T3]). This 
class of groups, however, does not include -/V3_2, nor any free 2-step nilpotent group 
Nn^2 on n generators (see [20i §3] for a definition), except for the smallest one, 
A^2,2, which is the 3-dimensional Heisenberg group. The free groups iV„_2 have in 
a sense the maximal structural complexity among 2-step groups, since every 2-step 
nilpotent Lie group is a quotient of a free one. Our result should then hopefully 
shed some new light and contribute to the understanding of the problem for general 
2-step nilpotent Lie groups. 

2. Strategy of the proof 

The sublaplacian L is a left- invariant operator on iV3_2, hence any operator of 
the form F{L) is left-invariant too. Let /Cj7(i) then denote the convolution kernel of 
F{L). As shown, e.g., in [TU Theorem 4.6], the previous Theorem[T]is a consequence 
of the following L^-estimate. 

Proposition 2. For all s > 6/2, for all compact sets K C ]0,oo[, and for all 
functions : M — > C such that supp F C K , 

(1) ||/C;.(L)||l<CK,.||^^lk- 

Let I • 1^ be any (5t-homogeneous norm on A'^3^2; take, e.g., |(x,y)|5 = |a;| 4- lyl^^^. 
The crucial estimate in the proof of [16 of the general theorem for stratified groups, 
that is, 

(2) \\il + \-\5riCFiL)h<CK,c.AF\\wi 

for all a > and /3 > a, implies ([TJ when s > 9/2, by Holder's inequality. In order 
to push the condition down to s > 6/2, here we prove an enhanced version of ([2]), 
that is, 

(3) 11(1 + I • Ur ^F(L) II2 < Ck^o.,0A\F\\wS^ 

for some "extra weight" function w on iV3.2, and suitable constraints on the expo- 
nents a, /3, r. 

A similar approach is adopted in the mentioned works on the Heisenberg and 
related groups. However, in [l7] the extra weight w is the full weight 1 -I- | • I5, while 
[TU] employs the weight 'w[x, y) = l + \x\. Here instead the weight 'w{x, y) — \y\ 
is used, and ([3]) is proved under the conditions a>0, 0<r<3/2, /3>Q;-|-r (see 
Proposition [S] below) . 

The proof of ([3]) when a = is based on a careful analysis exploiting identities for 
Laguerre polynomials, somehow in the spirit of [^ I17[[T5] . but with additional com- 
plexity due, inter alia, to the simultanous use of generalized Laguerre polynomials 
of different types. The estimate for arbitrary a is then recovered by interpolation 
with An analogous strategy is followed in [TS], where identities for Hermite 
polynomials are used in order to prove a sharp spectral multiplier theorem for 
Grushin operators. 
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3. A JOINT FUNCTIONAL CALCULUS 

It is convenient for us to embed the functional calculus for the sublaplacian L 
in a larger functional calculus for a system of commuting left- invariant differential 
operators on Specifically, the operators 

(4) L,-iYi,-iY2,-iY3 

are essentially self-adjoint and commute strongly, hence they admit a joint func- 
tional calculus (see, e.g., (13j). 

If Y denotes the "vector of operators" (— lYi, — il2, — i^s), then we can express 
the convolution kernel 1Cg{l,'Y) of the operator G{L, Y) in terms of Laguerre func- 
tions (cf. ^). Namely, for all n, fc S N, let 

-k 



be the n-th Laguerre polynomial of type fc, and define 

£W(t)=2(-ire-*iW(2i). 
Further, for ah rieB?\ {0} and ^ G M^^ define and CI by 

Proposition 3. Let G : M'* C he in the Schwartz class, and set 
(5) m{n,fi,T^) ^Gii2n + l)\7j\+ fj.^,r]), 

for all n £ N, /i G K, ?7 e with r]^0. Then 

(iTTjo Jr3 

Proof. For all rj E R^\{Q}, choose a unit vector Ejj G rj-^, and set Eri — {v/lilD^^v'^ 
moreover, for all a; G M"^, denote by x^, xl, the components of x with respect to 

the positive orthonormal basis E"^ , E"^ , 'nl\'n\ of M'^. 

For all 77 G K'^ \ {0} and all /i G M, an irreducible unitary representation tt^^^ of 
iV3,2 on L2(R) is defined by 

for all {x,y) G A^3,2, u G M, G Following, e.g., [U §2], one can see that 

these representations are sufficient to write the Plancherel formula for the group 
Fourier transform of iV3_2, and the corresponding Fourier inversion formula: 



(6) /(a;,y) = (2^)-M / trK^(x, y) ^,,^(/)) |r?| d,? 

JR3\{0} JK 

for all / : A^3_2 C in the Schwartz class and all G iV3.2, where 7r^,p(/) 

Fix T] gM.^ \ {0} and ji E M.. The operators Q are represented in tt^^^ as 

(7) d^^,^(L) = -a2 + |77|V + ^2^ d7r^,^Hr,) =?7,. 
If hn is the n-th Hermite function, that is. 



/i„(t) = (-l)"(n!2"V^)-VV'/2 (^±y 
and hrj^n is defined by 
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then {hrj,n}neti is a complete orthonormal system for L^(]R), made of joint eigen- 
functions of the operators (O; in fact, 

d7r^^p(L)/i,,^„ = (|?7|(2n+ 1) +^^)/i^,„, 

(8) 

Moreover the corresponding diagonal matrix coefficients ^r],n,n of tt^,^ are given by 



The last integral is essentially the Fourier- Wigner transform of the pair (/i„,/in), 
whose Fourier transform has a particularly simple expression (cf. ^ formula (1.90)]); 
the parity of the Hermite functions then yields 

Jr 

that is, 

(9) ^,,_^„(^,y)^ 1 e^('^^.>e^'^-I / e™^-?e™^-^4°)(|z;|Vhl)rf^ 

(see EH Theorem 1.3.4] or [9, Theorem 1.104]). 

Note that /Cg(l,y) G '5(A^3,2) since G e S(R^) (see [H Theorem 5.2] or [12 
§4.2]). Moreover 

'^71,fi{K-G{L,Y))hr).n = G'(|77|(2n + 1) + ^^,77)/l^,„ 

by dHl) and [TBI Proposition 1.1], hence 

(7r,,,^(a;, y)7r,,^^(/CG(L,Y))^r,,n, = m(n, /x, 77) (/?^,^,„(x, y). 
Therefore, by dS]) and ®, 
f^G(L.y){x,y) 



= (27r) ^ / / y'm(7i,/i,?7)(^^,^,„(2:,y) |77|rf^d77 



= (27r)-6 / / ^m(n,6,ry)e^<'''''>e^<«^(^-^-^"^>/:i°)((e?+el)/|ry|)dCd'7- 

A3 Jr3 ^gpj 

The conclusion follows by a change of variable in the inner integral. □ 

4. Weighted estimates 

For convenience, set C^rf' — for all n < 0. The following identities are easily 
obtained from the properties of Laguerre polynomials (see, e.g., [6, §10.12]). 

Lemma 4. For all k, n,n' E N and t eM., 

(10) ci;^Ht)-ci'+,'\t) + cit+'Ht), 

(11) |£W(<) = £^+/)(t)-4'=+i)(t), 



poo 

(12) / £«(04'^(i)i 

Jo 



{n+ky. 



ifn = n, 
otherwise. 
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We introduce some operators on functions / : N x M x 



Sf{n, ^, rj) = f{n + 1, ^, ry) - f{n, ^, rj), 
d_ 



df,f{n,fi,T]) = — f{n,fi,r]) 



d^f{n, A*, v) ^ (^^^ V), 

for all a € N"^. For all multiindices a G N'^, we denote by \a\ its length ai +a2+a3. 
We set moreover (i) = 2|t| + 1 for alH € M. 

Note that, for all compactly supported / : N x M x C, r'/ is null for aU 

sufficiently large / € N; hence the operator 1 + r, when restricted to the set of 
compactly supported functions, is invertible, with inverse given by 

and therefore the operator (1 + r)' is well-defined for all g G Z. 

Proposition 5. Let G : M'* — > C fee smooth and compactly supported m M x 
{0}), and let ra{n,pL,if) be defined by ([5]). For all a G N"^, 

(13) / |y"/CG(L,Y)(x,y)pdxdy 

^^"EE / / |a,]'9;,'<5'='(l + r)l'^'l-'='m(n,;.,7y)p 

X m'"' |,y|2|7'|-2|a|-2fe, + |^'|+l^^y/?'| ^^^^^ 

where la is a finite set and, for all l £ la, 

• 7' G N3, k, K G N, 7' < a, min{l, |a|} < |7'| + + A:, < \a\, 

• 5, G N, /3' G N3, 6, + l/3'l = + 2h, |7'i + + 5, < 

Proof. Proposition [3] and integration by parts allow us to write 



(14) y''K.G(L.Y){x,y) 



(27r)e 



^^"^m(r.,^[^,^)4")(|eI|VH) 



e*<«'^> e'^^-y^ d^drj. 



From the definition of ^Ij* and , the following identities are not difficult to obtain: 

The multiindex notation will also be used as follows: 
for all f , 77 G M, with rj ^ 0, and all /3 G N'^; consequently 
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Via these identities, one can prove inductively that, for all a € N"^ 



d 



(16) (^) 



nef 



where 7', l^, fc^, 6^, /^"^ are as in the statement above, while 0^ : K.-^ \ {0} — > M 
is smooth and homogeneous of degree |7''| — \a\ — k^. For the inductive step, one 
employs Leibniz' rule, and when a derivative hits a Laguerre function, the identity 
([TT|) together with summation by parts is used. 

Note that, for all compactly supported / : N x M x K'"^ ^ C, 

E f[n, v) A?^ it) = E(i + ^)/("' ^n+'^ W' 



by pop . Since 1 + t is invertible, simple manipulations and iteration yield the more 
general identity 

E fin, M, V) 4'' it)^Y.^l + rf-'fin, rj) Ci^'\t), 

neN riGN 

for all k, k' £ N. This formula allows us to adjust in (fTC)) the type of the Laguerre 
functions to the exponent of , and to obtain that 



By plugging this identity into (fT4|) and exploiting Plancherel's formula for the 
Fourier transform, the finiteness of la and the triangular inequality, we get that 



\V°' f^G{L,Y)ix,v)\^ dxdy 



E (1 + r)l^' 1-^' m(n, ^) £(l^' l) (Id Vl^l) 



riGN 



A passage to polar coordinates in the C-integral and a rescaling then give that 



ly"" I^G(L,Y)ix,y)\^ dxdy 



< 



aE / 



E a,^' a;.' (1 + r) 1^' I m(n, ,y) £if \\s) 



neN 



and the conclusion follows by applying the orthogonality relations for the 
Laguerre functions to the inner integral. □ 

Note that T/(-,/i, 77), 5fi-,^,ri) depend only on f{-,fi,ri); in other words, r and 
i5 can be considered as operators on functions N — ?> C. The next lemma will be 
useful in converting finite differences into continuous derivatives. 
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Lemma 6. Let / : N — > C have a smooth extension / : [0, cxd[ — ^ C, and let k € N. 
Then 

6'' fin) = / P\n + s)diyk{s) 



for all n G N, where Jk — [0,fc] and is a Borel probability measure on Jk- In 
particular 

|'5VWI'< / \ ~f^''\n + s)\'dvk{s) 



for all n e N. 

Proof. Iterated application of the fundamental theorem of integral calculus gives 

The conclusion follows by taking as the push-forward of the uniform distribution 
on [0, l]*" via the map (si, . . . , Sfc) i— >■ si + • ■ • + .s^, and by Holder's inequality. □ 

We give now a simplified version of the right-hand side of in the case where 
we restrict to the functional calculus for the sublaplacian L alone. In order to avoid 
divergent series, however, it is convenient at first to truncate the multiplier along 
the spectrum of Y. 

Lemma 7. Let x G C^(R) he supported in [1/2,2], K C ]0, cx)[ be compact and 
M e ]0, cx)[. If F -.M^ C is smooth and supported in K, and Fm : M x ]R-^ C is 
given by 

Fm{X,v)^F{X)x{\v\/M), 

then, for all r G [0, cx)[, 

Il2/r ICF..iL,Y){x,y)\'dxdy < CK,^^r M^-'^\\F\\l.,.. 

N3.2 

Proof. We may restrict to the case r e N, the other cases being recovered a poste- 
riori by interpolation. Hence we need to prove that 



/ \y" lCF,,(L.Y){x,y)\^dxdy < CK,x,a A/'-'l"l|lF| 

JN3,2 



2 



(17) 

for all a e N'^. On the other hand, if 

m(n, ^i, 77) = F(|r;|(7i) + fi^) xi\v\/M), 

then the left-hand side of (|T7| can be majorized by (|T3| . and we are reduced to 
proving 

for all i e /q. 

Consider first the case \I3''\> k^. A smooth extension miMxMxM'^— >-C of m 
is defined by 

m(i, M, r;) = F(|ry|(2i + 1) + ^i^) xM/M). 

Then, by Lemma [51 

l/3'l-fe. 



E ('^''- ^0 / d:';d';d^^rh{n + j + s,n,rj)d,.,{s), 
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where J,, = [0, fej and is a suitable probability measure on J^; consequently ([T 
will be proved if we show that 



(19) E/ /|5,^'5;,'af^m(n + s,A*,7y)|V'''H 



2|7^|-2lQ|-2fc, + |/3'l + l 



X (n)l'''ldAidr;<CK,x,aM'-''"l||F|| 



2 



for all s e [0, On the other hand, it is easily proved inductively that 

for all t > 0, where : K.-^ \ {0} — M is smooth and homogeneous of degree 

+ V + q — \"f^\; hence 

(20) \d^;d\:d',^m{t.t^,v)?<C^,. E ^M2'=^+2-2|'^'l(t)2>4'^-2'' 

r=[i,/2] v=0 

X |F(^-'+''+-)(h|(i)+M^)|2x(|r7|/Af), 

where x is the characteristic function of [1/2,2], and we are using the fact that 
I77I ~ M in the region where x(|?7|/A^) 7^ 0. Consequently the left-hand side of (fT9|) 
is majorized by 

^x.- E Em'""""'+'^''+'E(")'^'' 



|7'I 

<^X.a E ^M2--2|a| + |/3'|+3^^^^^y/J'|+2. 



00 /'OO 



^0 

I7 I ^CX3 nOO 



I ' I poo poo 

<^X,a E ^M2-2|"I + I/3'I+3 / / |i;^(fe'+-+'-)(p + ;,2^|2 

r=ri,/2]u=0 "^0 
nGN 

by passing to polar coordinates and rescaling. The last sum in n is easily controlled 
by {p/JViy^ \+2v ^ hence the left-hand side of (IT9|) is majorized by 

\l /.OO /"OO 

r=[Z,/2] ■0=0-^0 -^0 

<Ck,,,„m3^2|o| ^ ^ sup / \F(''^+^+^Hp + u)\'dp, 

because 26t -I- 4r — 2/^ > and |/3' | -I- 2ti > if r and w are in the range of summation, 
and suppF C K. Since moreover fc^ -I- w + r < fc^ + 7' + < laj, the last integral 
is dominated by ||-F||^|c,| uniformly in r,v,u, and (I19p follows. 
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Consider now the case < k^. Via the identity 

oo 

(1 + r)-i = (1 - t)(1 - t2)-i = -5{l - t2)-i = -S^T^i, 

3=0 

together with Lemma El we obtain that 
(21) d:^'d';d''^{l + T)\^'\-''^m{n,f,,r,) 

oo „ 
3=0 -'■^^ 

where Jt = [0, 2fct — and is a suitable probabihty measure on J, . Note 
that, because of the assumptions on the supports of F and Xi the sum on j in the 
right-hand side of (|2ip is a finite sum, that is, the j-th summand is nonzero only if 
{n + 2j) < 2M~^ max if ; consequently, by applying the Cauchy-Schwarz inequality 
to the sum in j, and by (^0]) . 

OO „ 

I, It'I oo „ 

r=\l, /2]v=0 3=0 

X + 2j + s) + x(hl/A^) d^.W- 

Remember that ~ Af in the region where xChl/-^^) 7^ 0. Hence the left-hand 
side of (dH]) is majorized by 

ck,x,c. EE/ EE(-+2j+-)^"(->'^'7. /''''^'""""'^"'' 

r=[;,/2l i'=0'^''^ neNjGN JR-^ 
^ ^26,+4r-2i, |^(2fe,-|/^'|+.+r)(|^|^^ ^ 2j + s) + Ai^)^ x(|??|/M) d/i d?7 

^i. I7 I /. /.OO /'OO 



^i. I ' I n nOQ nOO 

<Ck,^,^ E E/ EE(" + 2J + ^)'"+"''' / / M^+^-^H+r 

r, .._n "'0 "'0 



X ^ 



r=[i,/2l t'=0 



j E ('^ + 2j + s)'''+l^'l-^x(p/((n + 2j + s)M))d:.,(s)dAidp, 

by passing to polar coordinates and rescaling. The sum in (n, j) is dominated by 
(p/M)2"+l'3'l+i, uniformly in s G J„ and moreover suppF C K. Therefore the 
left-hand side of ([T^ is majorized by 

7 I /.oo 

On the Other hand, + = ?t + 2fct, hence 2fct- +i; + r < 2fc,,- |/3' | + 17' | = 
+ It'I — if ^^"i ''^ ^'''^ i'^ the range of summation, therefore the last integral 
is dominated by ||i^||^;;/iQ| uniformly in r, and (1181) follows. □ 
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Proposition 8. Let F : R — > C &e smooth and such that suppF C K for some 
compact set K C ]0, oo[. For all r e [0, 3/2[, 



A'3.2 



1(1 + \y\r /Cj.(i)(x,2/)|' dxdy < CkAF\\ 



2 



Proof. Take x G C'r(]0,oo[) such that suppx Q [1/2,2] and Efcez x(2"''t) = 1 
for aU t S ]0, cxi[. Note that, if (A, 77) belongs to the joint spectrum of L,Y, then 
\v\ ^ ^- Therefore, if fc/j- S Z is sufficiently large so that 2^^^"^ > maxK, and if 
Fm is defined for all M £ ]0, oo[ as in Lemma [71 then 

F{L)= J2 F2>'{L,Y) 

kel, k<kK 

(with convergence in the strong sense). Hence an estimate for JCpi^^) can be ob- 
tained, via Minkowski's inequality, by summing the corresponding estimates for 
/Cf^JL, Y) given by Lemma H If r < 3/2, then the series Efc<fc^ (2'')^^^"'' con- 
verges, thus 

/ \\yV ^F(L){x,y)\^ dxdy < CkA^Ww;- 

JN3,2 

The conclusion follows by combining the last inequality with the corresponding one 
for r = 0. □ 

Recall that | • \s denotes a 5f -homogeneous norm on A^3,2, thus |(x, y)!^ ^ -I- 
|y|^/^. Interpolation then allows us to improve the standard weighed estimate for 
a homogeneous sublaplacian on a stratified group. 

Proposition 9. Let F : R C be smooth and such that suppF C K for some 
compact set K C ]0, oo[. For all r G [0, 3/2[, a > and jS > a + r , 



(22) / \{l + \{x,y)\sr{l + \y\YlCp^L){x,y)\ dxdy<CK,^,pA\F\\w^- 

J N3_2 ^ 

Proof. Note that H- |y| < C(l -I- \{x, y)\sY . Hence, in the case a > 0, /3 > a -I- 2r, 
the inequality ([2^ follows by the standard estimate [16, Lemma 1.2]. On the other 
hand, if a = and P > r, then ([22]) is given by Proposition [H The full range of a 
and f3 is then obtained by interpolation (cf. the proof of [ini Lemma 1.2]). □ 

We can finally prove the fundamental L^-estimate, and consequently Theorem[TJ 

Proof of Proposition\E Take r £ ]9/2 - s, 3/2[. Then s - r > 3/2 + 3 - 2r, hence 
we can find ai > 3/2 and 012 > 3 — 2r such that s — r > ai + a2. Therefore, by 
Proposition [S] and Holder's inequality, 

\\ICF^L)\\l<Ck.s\\Frwi I {l + \{x,y)\s)-^"'-^"^[l + \y\)'^'-dxdy. 

JN3,2 

The integral on the right-hand side is finite, because 2ai > 3, a2 + 2r > 3, and 

(1 + |(a;,y)|5)-2"i-2"^ (1 + \y\)-^^ < C.(l + l:^!)-^"^ (1 + \y\)-"--'\ 
and we are done. □ 
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